UNIVERSAL DEFORMATION RINGS FOR THE SYMMETRIC GROUP ^5 
AND ONE OF ITS DOUBLE COVERS 
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Abstract. Let 55 denote the symmetric group on 5 letters, and let §5 denote a non-trivial double 
cover of S5 whose Sylow 2-subgroups are generalized quaternion. We determine the universal 
deformation rings R{S5,V) and R{S5,V) of each mod 2 representation V of S5 that belongs to 
the principal 2-modular block of 55 and whose stable endomorphism ring is given by scalars when 
it is inflated to S5. We show that for these V, a question raised by the first author and Chinburg 
concerning the relation of the universal deformation ring of V to the Sylow 2-subgroups of 55 and 
S5, respectively, has an affirmative answer. 



1. Introduction 

Let k be an algebraically closed field of characteristic p > and let W — W{k) be the ring 
of infinite Witt vectors over k. Let G be a finite group, and suppose F is a finitely generated 
fcG-module. It was proved in [5] that if the stable endomorphism ring Endj.^ {V) is one-dimensional 
over k then V has a universal deformation ring R{G, V). The ring R{G, V) is universal with respect 
to deformations of V over complete local commutative Noetherian rings with residue field k (for 
details, see Sj2|). In [2l|3l|4l[5l[6l[7], the isomorphism types of R{G, V) have been determined for V 
belonging to cyclic blocks, respectively to various tame blocks with dihedral defect groups. In the 
present paper, we will consider the principal 2-modular blocks of the symmetric group S5 and one 
of its double covers whose Sylow 2-subgroups are generalized quaternion. One of the main goals 
is to investigate how the universal deformation rings change when inflating modules from 6*5 to 5*5. 
The key tools used to determine the universal deformation rings in all the above cases have been 
results from modular and ordinary representation theory due to Brauer, Erdmann |13| . Linckelmann 
|19) . Carlson- Thevenaz [9], and others. 

The main motivation for studying universal deformation rings for finite groups is that this case 
helps one understand ring theoretic properties of universal deformation rings for profinite groups 
F. The latter have become an important tool in number theory, in particular if F is a profinite 
Galois group (see e.g. [10] and its references). In [12], de Smit and Lenstra showed that if F is 
an arbitrary profinite group and ^ is a finite dimensional vector space over k with a continuous 
F-action which has a universal deformation ring i?(F, V), then i?(F, V) is the inverse limit of the 
universal deformation rings R{G, V) when G ranges over all finite discrete quotients of F through 
which the F-action on V factors. Thus to answer questions about the ring structure of i?(F, V), it 
is natural to first consider the case when F = G is finite. 

Suppose now that the characteristic of is 2 and that ^5 and 5*5 are as above. The Sylow 2- 
subgroups of 5*5 are dihedral groups of order 8, whereas the Sylow 2-subgroups of 5*5 are generalized 
quaternion groups of order 16. The center Z of S5 has 2 elements and S5/Z = S5. Since Z acts 
trivially on the simple fcS'5-modules, they are all inflated from simple fcS'5-modules. Moreover, the 
simple modules belonging to the principal block of kS^ are inflated from the simple fcS'5-modules 
belonging to the principal block of kS^. There are precisely two isomorphism classes of simple 
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fcS'5-niodules belonging to the principal block of kS^. They are represented by the trivial simple 
module Tq and a 4-dimensional simple module Ti. 

Our main result is as follows, where W[Z/2] denotes the group ring over W of the cyclic group 
Z/2. 

Theorem 1.1. Let B {resp. B) be the principal block of kSc, [resp. kS^). Let V be an indecom- 
posable kSt^-module belonging to B, and denote its inflation to kS^ also by V , so V belongs to both 
B and B. 

(a) Then End ^.j,^ jV) = k if and only if EndkSsiV) = k. Moreover, we have EndkSrA^) — ^ 
if and only if V is either isomorphic to Tq or a uniserial kS^-module whose radical series 
length is at most 3 and which is a submodule or a quotient module of the projective kS^-cover 
ofTi. 

(b) Suppose Fiiidks^iV) = k. 

(i) LfV^ To", then RiS^.V) - W^[Z/2] - RiS^.V). 

(ii) // y = Ti, then R{S5, ^) = fc and R{S5, V) ^ W. 

(iii) // the radical series length of V is 2, then R{S5, V) ^ W[Z/2] = R{S5, V). 

(iv) // the radical series length of V is 3, then RiS5,V) W [[t]] / {t'^ , 2t) and R{S5,V) 
W[[t]]/{t^-2t). 

In particular, the universal deformation rings R{S5, V) are all complete intersection rings, whereas 
for V as in part (iv), R{S5, V) is not a complete intersection. Note that for all cases (i)-(iv), RiS^, V) 
(resp. R{S5,V)) is isomorphic to a subquotient ring of WDg (resp. WQie) when Dg is a dihedral 
group of order 8 (resp. Qie is a generalized quaternion group of order 16). In particular, this 
gives a positive answer in these cases to a question raised by the first author and Chinburg in [5J 
Question 1.1] whether the universal deformation ring of a representation of a finite group whose 
stable endomorphism ring is isomorphic to k is always isomorphic to a subquotient ring of the group 
ring over of a defect group of the modular block associated to the representation. 

The paper is organized as follows. In ^ we give some background on universal deformation 
rings. In [j3l we state properties of the principal 2-modular block B (resp. B) of S5 (resp. 55) 
and prove part (a) of Theorem 11.11 In we determine the universal deformation rings of the 
i3-modules whose endomorphism rings are isomorphic to k and of their inflations to B and prove 
part (b) of Theorem ll.il In fJSJ we list the ordinary and the 2-modular character table of ^5. 

This paper is based on the Ph.D. thesis of the second author under the supervision of the first 
author [15]. We would like to thank the referee for helpful comments. 

2. Preliminaries 

Let k be an algebraically closed field of characteristic p > 0, let W be the ring of infinite Witt 
vectors over k and let F be the fraction field of W. Let C be the category of all complete local 
commutative Noetherian rings with residue field k. The morphisms in C are continuous VF-algebra 
homomorphisms which induce the identity map on k. 

Suppose G is a finite group and is a finitely generated fcG-module. A lift of V over an object 
i? in C is a finitely generated i?G-module M which is free over R together with a fcG-module 
isomorphsim (j) : k M ^ V . Two lifts (M, 0) and (M', (/>') of V over R are isomorphic if there is 
an i?G-module isomorphism f : M ^ M' such that cj)' o (fc ig)^ /) = cj). The isomorphism class of a 
lift of V over R is called a deformation of V over R, and the set of such deformations is denoted by 
DeiciV, R). The deformation functor Fy : C — Sets is defined to be the covariant functor which 
sends an object i? in C to DefG'(V, R). 

If there exists an object R{G, V) in C and a lift {U{G, V), (pu) of V over R{G, V) such that for 
each i? in C and for each lift (Af, </>) of V over R there is a unique morphism a : R{G, V) R in C 
such that {M,<j)) is isomorphic to iR(^R{G,v),a U{G,V),(f>u), then R{G,V) is called the universal 
deformation ring of V and the isomorphism class of the lift {U{G,V), (pjj) is called the universal 
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deformation of V. In other words, R{G, V) represents the functor Fy in the sense that Fy is 
naturally isomorphic to Homc(i?(G', V^), — ). For more information on deformation rings see |12] 
and [ID]. 

Suppose V has a universal deformation ring R{G,V) and a universal lift {U{G,V),(j)u) over 
R{G, V) that represents the universal deformation of V. Then we call R = R{G, V)/pR{G, V) the 
universal mod p deformation ring of V and we call the isomorphism class of the lift (R '^b.(,g,v) 
U{G, V), the universal mod p deformation of V. Note that R represents the restriction of the 
deformation functor Fy to the full subcategory of C of objects that are /c-algebras. 

The following two results were proved in 5^. Here D, denotes the syzygy, or Heller, operator for 
kG (see for example [U §20]). 

Proposition 2.1. ([5J Prop. 2.1]). Suppose V is a finitely generated kG-module whose stable en- 
domorphism ring EndfecC^) '•^ isomorphic to k. Then V has a universal deformation ring R{G, V). 

Lemma 2.2. ([Sj Cor. 2.5]). Let V he a finitely generated kG-module with End ,,g(F) = k. Then 
Endj,|3(f2(y)) = k, and R{G,V) and R{G,n{V)) are isomorphic. 

3. The principal 2-modular blocks of S5 and S5 

Let k be an algebraically closed field of characteristic 2, let be the ring of infinite Witt vectors 
over k and let F be the fraction field of W. 

Let B (resp. B) be the principal block of kS^ (resp. of kS5). Then the defect groups of B (resp. 
of B) are dihedral groups of order 8 (resp. generalized quaternion groups of order 16). Looking 
at the ordinary and the 2-modular character table of (see JJS]), we see that the decomposition 
matrix for B (resp. for B) is as in Figure [ST] 



Figure 3.1. The decomposition matrix for B (resp. for B). 
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Remark 3.1. The field is a splitting field for 6*5. It follows from the ordinary character table 
of 5*5 in Figure 15.51 and from [HJ Thm. A] that the Schur indices of all irreducible characters 
of 5*5 with respect to F are 1. Hence the characters ■01, '02, • ■ • , "06 (resp. "07, "08) correspond to 
irreducible representations of S'5 which are realizable over F (resp. over F{^/2)). Moreover, 07,08 
are conjugate under the action of the Galois group of F{^/2) over F. Hence the characters of the 
irreducible representations of S'5 over F which belong to B are 

01,V'2,---,V'5,V'6,V'7 + '08- 

If Ve (resp. Vrs) is the FSs-module whose character is i/'e (resp. 07 + 08), then End^^^(V6) = F 
and End^5^(y78) = F(V2). 
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Using the decomposition matrices in Figure 13.11 it follows from [131 P- 294 and p. 303] that 
there exist c G {0,1} and d € k such that B (resp. B) is Morita equivalent to Ac = kQ/Ic 
(resp. Kd = kQ/Id) as described in Figure [221 For the vertices 0,1 in Q, the radical series of 
the corresponding projective indecomposable A^-modules Pq , Pi and the corresponding projective 
indecomposable Ad-modules Po,Pi are described in Figure [3731 



Figure 3.2. The algebras A^ = kQ/I^ (c e {0, 1}) and A^ = kQ/Id {d G k). 

f} 1 



Q= "Q< 



7 

Ic - (/37,a2-c(7/3af,(7/3a)'-(«7/5)'), 



Figure 3.3. The projective indecomposable Ac-modules Pq, Pi and the projective 
indecomposable A^-modules Po,Pi. 




1 



Remark 3.2. Let z be the non-trivial central element in and let Z = (z) be the center of 6*5. 
In the following, we identify S'5 with S^/Z. Let tt : fcS'5 kS^ be the natural projection given by 
■""(5) = 9^ for all 5 G S'5. Since Z acts trivially on the simple fcSs-modules, we can identify the 
simple fcSs-modules with the simple feSs-modules. This implies that the restriction of tt to i? gives 
a surjective fc-algebra homomorphism ttb '■ B ^ B. In particular, if is a fcSs-module belonging to 
B, then its inflation to fcS'5 via tt belongs to B. Let e be a sum of orthogonal primitive idempotents 
in B such that eBe is basic and Morita equivalent to B, and let e = iTBie). Then eBe is basic and 
Morita equivalent to B, and the restriction of tt^ to eBe gives a surjective fc- algebra homomorphism 
TTe : eBe -> eBe. 

If c, d are such that B is Morita equivalent to Ac and B is Morita equivalent to A^, let A = Ac 
and A = A^;. Then eBe = A and eBe = A, and tTc induces a surjective fc-algebra homomorphism 
TTA : A — > A. It follows from the description of the projective indecomposable A-modules Pq, Pi and 
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the projective indecomposable A-modules Pq, Pi in Figure [3731 that A (g)^ Pi = Pi for i E {0, 1}. 

In other words, the simple A-module Pi/rad(Pi) is isomorphic to the inflation via n\ of the simple 
A-module Pi/rad(P,) for i e {0, 1}. 

Let So = Po/rad(Po) and Si = Pi/rad(Pi). Then 5*0 corresponds to the trivial simple kS^- 
module To, and Si corresponds to the 4-dimensional simple fcS's-module Ti which is inflated from 
either one of the two 2-dimensional simple fc^s-modules. The inflation of To (resp. Ti) to kS^, via 
TT corresponds to the inflation of (resp. Si) to A via tta- In particular, the former inflations 
are simple fcSs-modules, which we again denote by To and Ti, and the latter inflations are simple 
A-modules, which we again denote by 5*0 and Si. 

We are now ready to prove part (a) of Theorem ll.il We assume the above notation. 

Proof of part (a) of Theorem \l.ll Let V be an indecomposable fcS's-module belonging to B, 
and denote its inflation to kS^ also by V. By Higman's criterion (see [ini Thm. 1]), the kS^- 
module endomorphisms of V that factor through projective /cS's-modules are precisely those in the 
image of the trace map Trf^ : Endk{V) Endj,^^(F), where Trf=(i/')(w) = J2ges^ gi^ig^^v) for all 
■0 G Endfe(y) and all v E V. Because Z acts trivially on V, Trf is multiplication by 2. Hence Trf 
IS zero, which implies that Trf ^ = Tr|^ o Trf is also zero. It follows that End ^.^ (V) = EndkSs{V)- 
In particular, End ^.j.^ (V) = k if and only if EndkSsiV) — k. 

Suppose now that End^Sg {V) = k. Then V corresponds under the Morita equivalence between B 
and A to an indecomposable A-module M whose endomorphism ring is isomorphic to fc. It follows 
from the description of the projective indecomposable A-modules Pq and Pi in Figure [5751 that M 
cannot be projective. Therefore, M is inflated from an indecomposable A/soc(A)-module whose 
endomorphism ring is isomorphic to k. Since A/soc(A) is a string algebra, all its indecomposable 
modules can be described using strings and bands (sec for example 8 ). It follows that a complete 
list of isomorphism classes of A-modules whose endomorphism rings are isomorphic to k is given 
by the following 6 uniserial A-modules which are uniquely determined, up to isomorphism, by their 
descending radical series: 

1 1 

(3.1) So, 5*1, , , „ , , . 

10 

This completes the proof of part (a) of Theorem 11.11 □ 

Remark 3.3. Since Ext\(S'o, Si)^k = Exti (5i, 5o), there is up to isomorphism a unique uniserial 
A-module with descending composition factors (5*0, 5*1) (resp. (5*1, 6*0)), which we denote by Afpi 
(resp. A/10). It follows that the inflations via tta of the two-dimensional A-modules in the list (|3.ip 
are isomorphic to Moi or Mio- 

Because Extl^(5'o, Mgi) = k = Ext^(Mio, S'o), there is up to isomorphism a unique uniserial 
A-module with descending composition factors {So, So, Si) (resp. (5*1, So, So)), which we denote by 
-^001 (resp. Afioo). It follows that the inflations via tta of the three-dimensional A-modules in the 
list p.l|) are isomorphic to Afooi or Afioo. 

4. Universal deformation rings 

In this section we prove part (b) of Theorem 11.11 We assume the notation from Section [3l In 
particular, fc is an algebraically closed field of characteristic 2, and B (resp. B) is the principal 
block of fcS's (resp. of kSs). We need the following lemma. 

Lemma 4.1. Suppose A, A and tta are as in Remark \ 3.2[ Let M be one of the two uniserial 
A-modules Mooi or Afioo defined in Remark \3.3[ Then Ext?(Af, Af) = fc. 
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Figure 4.4. The syzygies rj| (Afooi) and fi^^(Mioo). 



{Mooi) = 




Proof. It follows from the description of the projective indecomposable A-modules in Figure |37 
ii(Mooi) and 



that ri? (Afooi) and il,^(Mioo) can be described as in Figure IT4l This implies that 



Hom^(r!? (Mooi), Mooi) = and Hom^(Afioo, r!^'(Mioo)) ^ k\ 

Since in both cases there is a one-dimensional subspace of these Hom spaces consisting of homo- 
morphisms factoring through Pq, we obtain 

Ext|(Mooi, Mooi) = HomA(f^i(A%i), Afooi) = k 

and 

Ext|(Mioo,Mioo) =Hom^(Mioo,f^^'(Afioo)) = k. 

□ 

Proof of part (b) of Theorem We go through the four different cases in the statement of the 
theorem. 

Case (i). Since the maximal abelian 2-quotient group of both 5*5 and is a cyclic group of order 
2, it follows e.g. from ^01, §1.4] that R{S5,To) = W[Z/2] = R{S5,To). 

Case (ii). Let E be one of the two non- isomorphic 2-dimensional simple fc^s-modules, where ^5 
denotes the alternating group on 5 letters which is a subgroup of S5 . Then Ti is isomorphic to the 
induction Ind^^E. It follows from the description of the projective indecomposable A-modules (resp. 
A-modules) in Figure that Ext^g^ (Ti , Ti ) = = Ext^^jTi, Ti). Hence by [H Prop. 2.1.3] and 
by T, Lemma 3.5(c)], we have R(S5,Ti) = k. Since it can be seen from the decomposition matrix 
for B in Figure [5TT] that Ti when viewed as a fcS'5-module has a lift over W, we have R{S5, Ti) = W. 

Case iiii). Suppose G < ^ , >. It follows from the description of the projective indecom- 

posable A-modules in Figure l3T3l that 

Ext^S, (V^, F) = HoiSb {V),V)'^k 

where Q,b denotes the syzygy in the category of finitely generated _B-modules. Moreover, there is a 
non-split short exact sequence of fcS'5-modules {) ^ V ^ U V Q where 

(4.2) U= To Ti if = " , and U= Ti \iV ^ ^ . 

rr ^1 TI Jo 

Ji Jo 
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Let C be the cycUc subgroup of S5 of order 2 generated by the transposition (1,2). Since Ti = 
Ind'^^lE, it follows that Res^^Ti is a projective fcC-module, and hence isomorphic to kC ® kC. 

Moreover, if Too is the uniserial /cS's-module Too = rr then Res^-PToo cannot be trivial since 

Jo 

Res^^^Too is trivial. Hence Res^^Too — kC. This means that 

Resl?V ^ /c ® [kCf, and Res^^f/ (/cC)^ 

Thus Res^?V is a /cC-module whose stable endomorphism ring is isomorphic to k and whose uni- 
versal deformation ring is R{C,Res^^V) ^ W[Z/2]. Let {Uv,c,4'u,c) be a universal lift of Res^^V 
over W[Z/2], and let {Uv,4'u) be a universal hft of over i?(S'5,l/). Then there exists a unique 
W^-algebra homomorphism a : W['Z/2] — ^ i?(S'5, V^) in C such that (Res^^J/y, Res^ ^(y) is isomor- 
phic to {R{S5,V) ®w\Ll2\,cj Uv.c,4>u,c)- To prove that a is surjective, consider all morphisms 
p : RiS5,V) fc[e]/(e2). Since Res^^U ^ {kC)^ for the fc^g-module U from (g^D, Res^'^C/ defines a 
non-trivial lift of Res^^ over fc[e]/(e^). Because J7 defines a non-trivial lift of y over fc[e]/(e^) and 
because Ext^g^(y, F) = fc, this implies that as p ranges over the morphisms R{S5,V) — ?► k[e]/{e^), 
p o (J ranges over the morphisms W[E/2] k[e]/(e^). Hence a is surjective. It follows from the 
decomposition matrix for B in Figure [XT] and jilt Prop. (23.7)] that V has two non-isomorphic 
lifts over W whose i^-characters are X3 ^^id X4, respectively. Thus there are two distinct morphisms 
R{S5,V) —i'WmC, which implies that Spec(i?(S'5, y)) contains both points of the generic fiber 
of Spec(14^[Z/2]). Since the Zariski closure of these points is all of Spec(T4^[Z/2]), it follows that 
R{S5, V) is isomorphic to W[Z/2]. 

Viewing V as fci's-module by inflation, it follows from the description of the projective indecom- 
posable A- modules in Figure [3731 that 



where il^ denotes the syzygy in the category of finitely generated B- modules. Moreover, the module 
U from (|4.2p when viewed as a fcS'5-module by inflation defines a non-trivial lift {U, v) of V over 
fc[e]/(e^) when viewed as a fcS'5-module. Hence there exists a surjective /c-algebra homomorphism 

T : R{S^,V)/2R(S5,V) k[t]/{t') 

corresponding to {U,v). We now show that r is a fc-algebra isomorphism. Suppose this is false. 
Then there exists a surjective fc-algebra homomorphism ti : R{S5,V) /2R{S5,V) — > k[t]/{t'^) such 
that (5 o n = T where 5 : k[t\/{t'^) — )■ k[t]l{t^) is the natural projection. Let {Ui^vi) be a lift of V 
over k\t]/{t'^) relative to ri. Then k[t]/{t^) ®k[t]/(t^).s Ui = U and t'^Ui = V. Thus we have a short 
exact sequence of k[t]/ {t^) ^s-modules 

(4.3) ^ t^Ui ^Ui^U ^0. 

Since Ext^.^^ ([/, V) = 0, the sequence (14. 3p splits as a sequence of fcS's-modules. Thus Ui = V <S) U 

as fcS's-modules. Since V and U are fcS's-modules, [/i is inflated from a fcS'5-module. Because there 
is no lift of V over k[t]/{t^) when V is viewed as a fcS'5-module, this implies that Ui does not exist. 
Hence r is a fc-algebra isomorphism and R{S5,V)/2R{S5,V) ^ k[t]/(t^) ^ R{S5,V)/2R{S5,V). 
Since R{S5,V) is a W-algebra quotient of R{S5, V) which is free as a W-module, this implies that 
RiS5,V)^R{S5,V)^W[Z/2]. 

(To Ti I 

Case (iv). Suppose G \ Tq , Tq >. It follows from the description of the projective indecom- 

[ Ti To J 
posable modules in Figure [3751 that 

ExtL (F,F)-fc-Extia (F,F). 
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Moreover, we see from Figure 13.31 that there is a uniserial A:S'5-module X with descending compo- 
sition factors 

(7o,To,ri,ro,To,ri) (resp. (Ti, Tq, Tq, Ti, Tq, Tq)) 

such that X defines a hft {X,£) of V over k\t]/{t^) when the descending composition factors of V 
are (Tq, Tq, Ti) (resp. (Ti, Tq, Tq)). Additionahy, there is a uniserial fcS's-module Y with descending 
composition factors 

(To, To, Ti, To, To, Ti, To, To, Ti) (resp. (Ti, To, To, Ti, To, To, Ti, To, To)) 

such that Y defines a hft {Y, C,) of V over k[t]/{t^) when V is viewed as a fcS's-module by infiation. 
Since 

Ext^(X,F)=0 = Ext^(y,F), 

we see that 

R{Sz,V)l2R{Sr,, V) ^ k[t]/{t^) and i?(^5, V)/2R{S5, V) = k[t]/{t^). 

Moreover, the isomorphism class of the lift {X,£^) is the universal mod 2 deformation of V when 
V is viewed as a fcS's-module, and the isomorphism class of the lift (Y, C) is the universal mod 2 
deformation of V when V is viewed as a fcS's-module. 

It follows from the decomposition matrix for B in Figure [01 that V has a lift over W. Hence by 
[6l Lemma 2.1], there exist /i G {0, 1}, m G Z+ and X G W such that 

R{S5, V) = W^[M]/(t^ - 2Xt, fi2"H). 

Since X = f2^(Ti) for either « = lori = — 1, it follows that X has a universal deformation ring 
when viewed as a fcSs-module and R{S5,X) = fc by the proof of Case (ii) and by Lemma [2.21 If 
^ = (resp. n = 1), then i?(Ss, F) (resp. {W/2"'W)(8)w -^(S's, V)) is free over W (resp. 14^/2"^^). 
This implies that X, when regarded as a fcSs-modulc, has a lift over W (resp. W/2™W). Hence 
= 1 and m = 1, and so i?(S5, V") = W^[M]/(t^ - 2At, 2t) = W^[[t]]/(t2, 2t). 

Since Ext^^ (V, 1^) = fc by Lemma [4.11 it follows from [20l §1.6] that there exists an element 

f{t) e W[[t]] such that R{S5,V) ^ W[[t]]/{f{t)). Since R{S5,V)/2R{S5,V) ^ k[t]/{t^), it follows 
by the Weierstrass Preparation Theorem (see e.g. [HI Thm. IV. 9. 2]) that f{t) can be taken to be 
of the form f{t) = + at^ + bt + c for certain a,b,c G 2W. In particular, i?(S's,F) is free as a 
VF-module. Let (Y^ , C,w) be a universal lift of V over R{S5, V) when F is viewed as a fcS's-module. 
Since the isomorphism class of (Y, C) is the universal mod 2 deformation of ^ as a fcS's-module, 
it follows that Y^ defines a lift (Y^,uj) of Y over when Y is viewed as a fcS's-module. If 
y/rad(F) = Ti then F is a quotient module of the projective indecomposable fcS's-module 
with /rad(TTi ) = Ti. Hence Y^ must be a quotient module of the projective indecomposable 
VFS's-module which is a lift of Pt, over W, and we define ^ Y^ . If soc(y) ^ Ti then 
Vl~^{Y) is a quotient module of Pti , and by Lemma [2^ n~^{Y) has a lift (Y'^ , oj') over VK. Hence 
Y'^ must be a quotient module of P-^ ■ But then the kernel of the surjection P^ — ?> Y'^ is a 
VF-pure submodule of ij^, and we define to be this kernel. Therefore we have for both cases 
of Y that Z^ defines a lift of Y over W and that Z^ is either a quotient module or a submodule 
of P^ . Thus it follows from the decomposition matrix for B in Figure 13.11 that the F-character of 
Z^ is equal to 

Xz = V'e + (-07 + V's)- 

This implies by Remark |3. II that the endomorphism ring of F (E)w = Vq (B Vjg is isomorphic to 
F X F{^/2). Let u be an element in Ss of order 8 belonging to the conjugacy class Cg in Figure 
15.51 and let Ku be its class sum in WS5. Because lies in the center of WS5, multiplication 
by Ku defines a H^Ss-module endomorphism k„ of Z^ . Since Z^ is free as a PF- module, the 
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endomorphism ring End^g^ (Z^) embeds naturally into 

Ff^wEnd^s^iZ"^) - Endps.iF ®w Z^) 

^ Endps^iVe) X End^^^(1^78) = Fx F{V2). 

Hence Ku corresponds to an element in x F{^/2) which we can read off from the ordinary character 
table of S^. Namely, the endomorphism k„ in End^^^^ (U^) corresponds to the element 

{0,5V2)eFx F{V2). 

Because (0, 5\/2) generates a T4^-subalgebra of x F{-j2) which is isomorphic to — 
2t), it follows that Z"^ is a T^[[t]]/(t^ - 2i)S'5-module. Taking a k[t\l {t^yhasis {61, . . . , bg} of Y, 
we can lift this basis to a subset {ci,...,C6} of Z'^ which generates Z^ as a W[[t]]/(f'^ — 2t)- 
module. Since F ®w Z'^ is a free {F x F(-\/2))-module of rank 6, it follows that ci, . . . , ce must be 
linearly independent over W[[t]]/{t^ - 2t). Thus Z^ defines a lift of V over W[[t\]l{t^ - 2t). Since 
ZW/2Z^ ^ y is an indecomposable fc^s-module, W[[t]]/{t^ - 2t) is a quotient algebra of R{Sz,V). 
This implies that we can take f{t) = - 2t, and hence RiS5,V) = W[[t\]/{t^ - 2t). □ 

Remark 4.2. Suppose G and G are two finite groups such that the Sylow 2-subgroups of G are 
dihedral groups of order 8 and the Sylow 2-subgroups of G are generalized quaternion groups of 
order 16 and such that G is an extension of G by a central subgroup of order 2. Moreover, assume 
that there exist c G {0, 1} and d G k such that the principal block B (resp. B) of kG (resp. kG) 
is Morita equivalent to (resp. A^;) as in Figure 13.21 Many of the arguments in this paper work 
for this more general case. However, when computing the universal deformation rings for the cases 
(iii) and (iv) of part (b) of Theorem 11.11 one runs into the following issues. First, one needs to 
prove in general that there is an element of order 2 in G that can take the place of the transposition 
(1, 2) S S5 when computing the universal deformation ring i?(G, V) in case (iii). Second, one needs 
to establish similar facts to the ones in Remark 13.11 for the irreducible representations of G over 
F which belong to B, including the values of the ordinary characters on certain conjugacy classes, 
when computing the universal deformation ring R(G,V) in case (iv). 

5. Appendix: The ordinary and the 2-modular character table of S5 

The ordinary character table of S5 can be found for example in [ITl p. 289]. It is then straight- 
forward to determine the ordinary character table of S5 and also the 2-modular character table of 
S5 and S5. The ordinary characters Xii ■ • ■ : X4i Xs of in Figure 13.11 correspond to the ordinary 
characters ■01 , ■ • ■ , ^4 , ^6 of Sz in Figures 13.11 and 15.51 

References 

[1] J. L. Alperin, Local representation theory. Modular representations as an introduction to the local representation 
theory of finite groups. Cambridge Studies in Advanced Mathematics, vol. 11, Cambridge University Press, 
Cambridge, 1986. 

[2] F. M. Bleher, Universal deformation rings and Klein four defect groups. Trans. Amer. Math. Soc. 354 (2002), 
3893-3906. 

[3] F. M. Bleher, Universal deformation rings for dihedral 2-groups. J. London Math. Soc. 79, (2009), 225-237. 
[4] F. M. Bleher, Universal deformation rings and dihedral defect groups. Trans. Amer. Math. Soc. 361 (2009), 
3661-3705. 

[5] F. M. Bleher and T. Chinburg, Universal deformation rings and cyclic blocks. Math. Ann. 318 (2000), 805-836. 
[6] F. M. Bleher and T. Chinburg, Universal deformation rings need not be complete intersections. Math. Ann. 337 
(2007), 739-767. 

[7] F. M. Bleher and G. Llosent, Universal deformation rings for the symmetric group 54. In press, Algebr. Represent. 

Theory, DOI: 10.1007/sl0468-008-9120-7. 
[8] M. C. R. Butler and C. M. Ringel, Auslander-Reiten sequences with few middle terms and applications to string 

algebras. Comm. Algebra 15 (1987), 145-179. 
[9] J. F. Carlson and J. Thevenaz, The classification of endo-trivial modules. Invent. Math. 158 (2004), 389-411. 



10 



FRAUKE M. BLEHER AND JENNIFER B. FROELICH 



Figure 5.5. The ordinary character table of Sr,. 



class : 


Ci 


Ca 


Cs 


C4 


C5 


Gi 


Ct 




Cg 


Clo 


Cii 


Cl2 


order : 


1 


2 


4 


3 


6 


5 


10 


4 


8 


8 


12 


12 


length : 


1 


1 


30 


20 


20 


24 


24 


20 


30 


30 


20 


20 






X 


X 


X 


X 


X 


X 


X 


X 


X 


X 


X 


1p2 


1 


1 


1 


1 


1 


1 


1 


-1 


-1 


-1 


-1 


-1 


V'3 


5 


5 


1 


-1 


-1 








1 


-1 


-1 


1 


1 


1p4 


5 


5 


1 


-1 


-1 








-1 


1 


1 


-1 


-1 


i>5 


4 


-4 





-2 


1 


-1 


1 



















6 


6 


-2 








1 


1 

















i'7 


6 


-6 











1 


-1 





V2 


-V2 










6 


-6 











1 


-1 





-V2 


V2 










4 


4 





1 


1 


-1 


-1 


2 








-1 


-1 


ipio 


4 


4 





1 


1 


-1 


-1 


-2 








1 


1 




4 


-4 





1 


-1 


-1 


1 











V3 




1pl2 


4 


-4 





1 


-1 


-1 


1 











-V3 


Vs 



Figure 5.6. The 2-modular character table of S5 and ^5. 



class : 


c\ 






order : 


1 


3 


5 




1 


1 


1 


Vi 


4 


-2 


-1 


'fi2 


4 


1 


-1 
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